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An important step in quantum simulation is to measure the many-body correlations of the simu-
lated model. For a practical quantum simulator composed of finite number of qubits and cavities, in
contrast to ideal many-body systems in the thermodynamic limit, a measurement device can gener-
ate strong backaction on the simulator, which could prevent the accurate readout of the correlation
functions. Here we calculate the readout of a detector coupled to an analog quantum simulator. We
show that reliable characterization of the many-body correlations in the simulator can be achieved
when the coupling operators obey the Wick’s theorem. Our results are illustrated with two examples:
a simulator for an harmonic oscillator and a simulator for the free electron gas.
Introduction.—Solving quantum many-body problems
with classical methods often requires formidable compu-
tational resources. Quantum simulators, artificial sys-
tems constructed to mimic many-body models or dynam-
ics, can solve such problems efficiently due to their built-
in quantum parallelism [1]. With the rapid experimen-
tal progresses, digital [2, 3] and analog [4, 5] quantum
simulators can be realized in various physical systems.
Arrays of coupled qubits have been demonstrated with
trapped ions [6–8] and superconducting circuits [9–12].
Various equilibrium and out-of-equilibrium phenomena
have been investigated with atoms and molecules in op-
tical lattices [13, 14]. Quantum simulation has been ap-
plied to problems in condensed-matter physics, quantum
chemistry, nonequilibrium dynamics, and etc. [15–23].
The measurement of the temporal and spatial correla-
tions in quantum simulators is a crucial component in
analog quantum simulation [5]. These correlators are
often hard to calculate in computationally-demanding
problems and can only be extracted from the readout
of a detector. For ideal many-body systems in the ther-
modynamic limit, these correlators can be accurately de-
termined from the detector’s readout, where the detector
perturbs the system weakly and the detector’s backaction
on the system can be safely neglected [1]. For quantum
simulators composed of finite number of qubits and cavi-
ties, the interaction between the simulator and the detec-
tor can distort the correlators of the simulator. It thus
raises the question of whether the correlators of the sim-
ulator can be reliably extracted from the detector’s read-
out. On the one hand, the detector relies on the existence
of the simulator-detector coupling to retrieve the imprint
of the correlators. On the other hand, the coupling gen-
erates a backaction that could affect the correlators of
the simulated model. In [25], the backaction of a cavity
detector on a transverse field Ising model with N sites
was estimated with a perturbative approach and shows
a 1/N -dependence. Previously, quantum non-demolition
measurement on many-body Hamiltonians was studied
in atomic systems [26, 27], which can only be applied to
a limited group of simulators.
Here we study the readout of a detector coupled to
a quantum simulator with the Matsubara diagrammatic
technique for finite temperature systems. The calcula-
tion is conducted on two examples: a simulator for a
simple harmonic oscillator and a simulator for the free
electron gas. We show that the unperturbed Matsubara
correlators of the quantum simulator can be accurately
extracted from the detector’s readout when the coupling
operators obey the Wick’s theorem [28–31]. Whereas
when this theorem is violated, the readout returns a cor-
relator that is modified by the detector’s backaction. In
practice, Wick’s theorem can be valid in models with
gaussian fluctuations [32–35]. The imaginary-time Mat-
subara correlators can be transformed into real-time re-
tarded correlators that are directly associated with the
measurement via analytic continuation [1–3]. Our re-
sult can thus be verified in experiments and can lead to
the design of reliable measurement schemes for quantum
simulators. We want to add that besides the detector’s
backaction, the reliability of analog quantum simulation
can also be affected by noise and disorder [38]. Several
approaches to certifying quantum simulators under real-
istic conditions have been discussed, such as cross cer-
tification between simulators constructed with different
systems and comparison with classical solutions in des-
ignated parameter regimes [5, 39, 40]. Note that in our
treatment, the system-bath coupling is weak with its only
effect being to thermalize the system to equilibrium. The
influences of strong simulator-bath coupling and struc-
tured spectrum have been studied in [41–45].
Simulator and detector correlators.—Consider a quan-
tum simulator with Hamiltonian HS coupled to a de-
tector with Hamiltonian HR via the interaction HC .
The total Hamiltonian of this system is HT = HS +
HR + HC . The interaction can have the form HC =∑
i λiOˆS(Ri)ΓˆR, where OˆS(Ri) (ΓˆR) is the coupling op-
erator of the simulator (detector) at position Ri and λi is
the site-dependent coupling constant (~ = 1). The cou-
pling of the simulator (detector) to bath modes is implic-
itly included in the HamiltoniansHS (HR). The property
of a many-body system can be revealed by its correlation
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FIG. 1. The coupled simulator-detector system. The correla-
tor of the bare simulator [detector] is denoted as CS0(p, iωn)
[DR0(p, iωn)], the correlator of the detector with the bath
modes is DRB(p, iωn), and the full correlator of the simulator
[detector] is CS(p, iωn) [DR(p, iωn)].
functions. One Matsubara correlator for the simulator is
defined as
CS(Ri, Rj; τ, τ
′) = −
〈
Tˆτ
[
OˆS(Ri, τ)OˆS(Rj , τ
′)
]〉
, (1)
which describes the correlation between the cou-
pling operators at imaginary times τ and τ ′ with
OˆS(Ri, τ) = e
HT τ OˆS(Ri)e
−HT τ and Tˆτ being the time
ordering operator. Written explicitly, CS(Ri, Rj ; τ, τ
′) =
−Tr[e−βHT Tˆτ [OˆS(Ri, τ)OˆS(Rj , τ
′)]]/Z with β = 1/kBT
at temperature T and Z = Tr[e−βHT ]. For a system
with translational symmetry, this correlator can be sim-
plified to be CS(Ri, τ) by setting Rj = 0 and τ
′ = 0.
The correlator CS(Ri, τ) can be transformed into the
momentum and frequency domains as CS(p, iωn) with
quasimomentum p and ωn = 2πn/β [ωn = π(2n− 1)/β]
for integer number n when the operator OˆS is bosonic
[fermionic] [46]. The correlator CS(p, iωn) is the full cor-
relator including the effect of the simulator-detector cou-
pling. Without the coupling (λi = 0), the correlator can
be denoted as CS0(p, iωn), which implicitly includes the
effect of the simulator’s bath modes.
The correlator of the detector is defined as
DR(τ, τ
′) = −
〈
Tˆτ
[
ΓˆR(τ)ΓˆR(τ
′)
]〉
(2)
with ΓˆR(τ) = e
HT τ ΓˆRe
−HT τ . Under time invariance,
this correlator can be simplified to be DR(τ), which
transforms to DR(iωn) in the frequency domain. Here
DR is the full correlator that includes the effects of the
bath modes and the simulator. The coupling between
the detector and the bath modes, e.g., the dissipation of
a cavity detector, can often be engineered and character-
ized in experiments. The effect of the simulator-detector
coupling on DR, when properly extracted from the read-
out, yields a measurement of the many-body correlations
of the simulator. Denote the correlator of the bare de-
tector as DR0(p, iωn) and the correlator of the detector
coupled to the bath modes (without the simulator) as
DRB(p, iωn). The relations of these three correlators are
illustrated in Fig. 1.
Diagrammatic expansion.—The correlator
of the detector is affected by the simulator-
detector coupling. Using (S6), we have DR(τ) =
−Tr[e−βHT Tˆτ [ΓˆR(τ)ΓˆR(0)]]/Z with Z = Tr[e
−βHT ].
The Matsubara diagrammatic technique can be applied
to calculate this correlator [1]. Let U(β, 0) = eβH0e−βHT
be the evolution operator from τ = 0 to τ = β in the
interaction picture of Hamiltonian H0 = HS + HR. It
can be shown that U(β, 0) = Tˆτ [e
−
´
β
0
dτHCI(τ)] with
HCI(τ) = e
H0τHCe
−H0τ being the coupling HC in the
interaction picture. Then,
DR(τ) = −
〈
Tˆτ
[
U(β, 0)ΓˆRI(τ)ΓˆRI(0)
]〉
0
/ 〈U(β, 0)〉0
(3)
with ΓˆRI(τ) = e
H0τ ΓˆRe
−H0τ . Here the operator averages
are taken on the thermal equilibrium of Hamiltonian H0
with 〈· · · 〉0 = Tr[e
−βH0 · · · ]/Tr[e−βH0 ]. All the terms
related to the coupling HC in (S8) are included in the
evolution operator U(β, 0). Treating HCI(τ) as a per-
turbation, U(β, 0) can be expanded into Taylor series of
HCI(τ). With the diagrammatic technique, the correla-
tor DR(τ) can be written as a summation of diagrams in
different orders of HCI(τ) [1, 46].
Cavity detector.—Consider a cavity mode serving as
the detector, which can be realized with optical or mi-
crowave cavities [47–49] and mechanical resonators [50,
51]. The detector together with its bath modes has the
Hamiltonian HR = ωdaˆ
†aˆ+HB, where aˆ (aˆ
†) is the an-
nihilation (creation) operator, ωd is the frequency of the
cavity mode, HB =
∑
i[ci(bˆi + bˆ
†
i )ΓˆR + Hbi] describes
the cavity-bath coupling with Hbi being the Hamilto-
nian of the ith bath mode, ΓˆR = (aˆ + aˆ
†) is the cou-
pling operator of the cavity, and bˆi (bˆ
†
i ) is the annihila-
tion (creation) operator of the ith bath mode with cou-
pling coefficient ci. The spectrum of the bath modes is
J(ω) = π
∑
i |c
2
i |δ(ω − ωi) [4]. We assume the spectrum
to be flat in the frequency range of interest with J(ω) = κ
and κ being the cavity bandwidth. The detector and the
bath modes are in equilibrium at temperature T .
We now derive the correlator of the detector coupled
to the bath modes with a flat noise spectrum. This cor-
relator will be utilized to calculate the detector’s readout
in the presence of a quantum simulator. The Matsubara
correlator of the bare cavity (not coupled to the bath)
can be derived from (S6). In the frequency domain, the
correlator has the form DR0(iωn) = 2ωd/[(iωn)
2 − ω2d]
with ωn = 2πn/β and n being an integer [46], where the
temperature dependence enters the expression implicitly
through the frequency ωn. Similarly, the correlator of an
unperturbed bath mode is Di0(iωn) = 2ωi/[(iωn)
2 − ω2i ]
with ωi being the frequency of the ith bath mode. As
illustrated in the diagrammatic equation in Fig. 2, in the
presence of the bath modes, the correlator of the cavity
3(a) 
(b) 
FIG. 2. (a) The diagrams for the correlators DR0 and DRB
of the cavity and Di0 of the ith bath mode. (b) The Dyson
equation of DRB . The circles correspond to the coupling co-
efficients between the cavity and the bath modes.
satisfies the Dyson equation
DRB = DR0 +DR0
(∑
i
|ci|
2Di0
)
DRB, (4)
where we omit the dependence on the variable (iωn)
in the correlators for brevity of discussion. The cor-
relator of the cavity can then be obtained as DRB =
[1−DR0(
∑
i |ci|
2Di0)]
−1DR0. Substituting DR0 and Di0
into DRB , we find that
DRB(iωn) = 2ωd/
[
(iωn)
2 − ω˜2d + i2ωdκ
]
(5)
with ω˜d = (ω
2
d + 2ωdδωd)
1/2 being the cavity frequency
shifted by a small Cathy principle term δωd ≪ ωd [46].
The correlator (5) describes a cavity mode with frequency
ω˜d ≈ ωd and bandwidth ∼ κ.
Readout of oscillator mode.—Here the simulator is for
a simple harmonic oscillator with Hamiltonian HS =
ωsaˆ
†
saˆs, where ωs is the frequency and aˆs (aˆ
†
s) is the
annihilation (creation) operator of the oscillator. The
coupling between the oscillator and the cavity detector
has the form HC = λOˆSΓˆR with coupling operators
OˆS = (aˆs + aˆ
†
s) and ΓˆR = (aˆ + aˆ
†), and coupling con-
stant λ. Without the coupling (λ = 0), the correlator of
the operator OˆS is CS0(iωn) = 2ωs/[(iωn)
2−ω2s ]; the cor-
relator of the operator ΓˆR with the bath modes is given
by (5). With the coupling, the oscillator generates a force
on the cavity that is proportional to the quadrature OˆS ,
which can be measured in the cavity’s readout. The cor-
relator of the cavity can be calculated with diagrammatic
technique. As shown in Fig. 3, the Dyson equation is
DR = DRB + |λ|
2DRBCS0DR, (6)
which yields DR = (1− |λ|
2DRBCS0)
−1DRB. With DRB
in (5), the full correlator of the cavity becomes DR =
[1−DR0(
∑
i |ci|
2Di0 + |λ|
2CS0)]
−1DR0. It can be viewed
as a cavity coupled to a structured bath that contains
the original bath modes and the oscillator.
The correlator of the unperturbed oscillator can then
be extracted from the measurement of the cavity corre-
lators DRB and DR with
CS0 =
(
D−1RB −D
−1
R
)
/|λ|2. (7)
(a) 
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FIG. 3. (a) The diagrams for the correlators DRB and DR
of the cavity and CS0 of the harmonic oscillator. (b) The
Dyson equation of DR. The circles correspond to the coupling
coefficient between the cavity and the oscillator.
This relation can be extended to a damped oscillator
with finite bandwidth and can be used to characterize
the parameters of the oscillator, such as its resonant
frequency and bandwidth. Meanwhile, the simulator-
detector coupling generates a backaction on the oscilla-
tor. The full correlator of the oscillator can be derived as
CS = (1−|λ|
2CS0DRB)
−1CS0. An interesting observation
is that the readout of the cavity gives a faithful charac-
terization of the unperturbed correlator CS0, instead of
the full correlator CS, even though the coupling generates
a finite backaction on the oscillator. This result indicates
that finite detector backaction does not necessarily pre-
vent the accurate characterization of a simulator.
Readout of free electron gas.—The next simulator is for
a free electron gas with Hamiltonian HS =
∑
k ǫkcˆ
†
kσ cˆkσ,
where ǫk is the energy and cˆkσ (cˆ
†
kσ) is the annihilation
(creation) operator of an electron with quasimomentum
k and spin σ. This model describes electrons in nor-
mal metals, where the Coulomb interaction between the
electrons is largely screened by the interaction between
the electrons and lattice ions. Assume that the interac-
tion between the electron gas and the cavity detector has
the form HC = λOˆS(R0)ΓˆR, where the coupling oper-
ator OˆS(R0) =
∑
k,q,σ e
iR0q cˆ†kσ cˆ(k+q)σ is the density of
the electron gas at position R0 [53]. This interaction
corresponds to the coupling between the electromagnetic
field of the cavity and the electrons at R0. Without the
coupling (λ = 0), the correlator of the operator OˆS(R0)
can be written as CS0(iωn) =
∑
k,q,σ G0σ(k, iωn)G0σ(k +
q, iωn), where G0σ(k, iωn) = (iωn− ǫk)
−1 is the propaga-
tor of a free electron with quasimomentum k, imaginary
frequency iωn, and spin σ [46]. The coupling generates a
backaction on the simulator, which is manifested by var-
ious diagrams. Some of these diagrams are irreducible
diagrams that cannot be disconnected by cutting off one
propagator. We denote the sum of such diagrams as CSL
[Fig. 4(a,b)]. For comparison, examples of reducible dia-
grams are given in Fig. 4(c).
The Dyson equation of the full correlator of the cavity
can be written as
DR = DRB + |λ|
2DRBCSLDR, (8)
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FIG. 4. (a) The diagrams for the correlators DRB and DR
of the cavity, the propagator G0, the unperturbed correlator
CS0, and the sum of the irreducible diagrams CSL of the free
electron gas. (b) CSL with lower-order diagrams. (c) Exam-
ples of reducible diagrams. (d) The Dyson equation of DR.
The circles correspond to the coupling coefficient between the
cavity and the electrons.
as shown by the diagrammatic equation in Fig. 4(d). We
then have DR = (1 − |λ|
2DRBCSL)
−1DRB. With the
measured correlators DRB and DR, we can obtain
CSL =
(
D−1RB −D
−1
R
)
/|λ|2, (9)
i.e., the detector’s readout returns a correlator modified
by the detector’s backaction.
Wick’s theorem.—For the simple harmonic oscillator,
the readout of the cavity gives the unperturbed correla-
tor CS0. Whereas the measurement of the free electron
gas yields the correlator CSL that is modified by the cav-
ity’s backaction. The distinct difference between these
two cases can be explained by the validity of the Wick’s
theorem for the coupling operators in these models [28].
For demonstration, assume that the Wick’s theorem is
valid for the coupling operators OˆS and ΓˆR with
〈Tˆτ OˆSI(τ1)OˆSI(τ2) · · · OˆSI(τ2n−1)OˆSI(τ2n)〉0 =
〈Tˆτ OˆSI(τ1)OˆSI(τ2)〉0〈Tˆτ OˆSI(τ3) · · · OˆSI(τ2n)〉0
+〈Tˆτ OˆSI(τ1)OˆSI(τ3)〉0〈Tˆτ OˆSI(τ2) · · · OˆSI(τ2n)〉0
+ · · · , (10)
where OˆSI(τ) = e
H0τ OˆSe
−H0τ is the coupling operator
in the interaction picture and we assume 〈OˆSI(τ)〉 = 0.
The correlators that contain 2(n − 1) operators in (10)
will be further factorized using Wick’s theorem. In the
end, each term in the full correlator becomes a product
of n two-point correlators in the form of CS0(τi − τj) =
−〈Tˆτ OˆSI(τi)OˆSI(τj)〉0. Similar factorization can be per-
formed on the correlators of the operator ΓˆR. Using (10),
the Dyson equation of the detector correlator can be de-
rived as DR = DR0+|λ|
2DR0CS0DR. The detector’s read-
out can hence be used to characterize the unperturbed
correlator of the simulator CS0.
The Wick’s theorem is exactly valid when the coupling
operator is a linear combination of the creation and an-
nihilation operators of the quasiparticles in the unper-
turbed Hamiltonian H0. For the harmonic oscillator, the
coupling operator Oˆs = (aˆs + aˆ
†
s) obeys the Wick’s the-
orem. The density operator OˆS(R0) of the free-electron
gas, on the contrary, does not obey this theorem, and its
correlator includes complicated diagrams resulting from
the simulator-detector coupling. In realistic systems, the
Wick’s theorem can be valid for the coupling operators
when the fluctuations in the system are approximately
gaussian [32–35]. Under this approximation, the Dyson
equation of the detector correlator depends on the unper-
turbed correlator of the simulator CS0. This enables the
reliable readout of the correlator CS0 by the measure-
ment device, which is the goal of quantum simulation.
Furthermore, when CS0 is known, the detector’s readout
can be used to verify the validity of the Wick’s theorem
by comparing the measured correlator with CS0.
Discussions.—We have studied the readout of a cavity
detector coupled to a quantum simulator at given spa-
tial location for simplicity of discussion. Our result can
be applied to other types of detectors and other forms
of coupling operators. For example, the measurement
of spatial correlations is of wide interests in condensed-
matter systems. By extending the coupling operator to
include spatial dependence, i.e., ΓˆR(Ri), the impact of
the detector’s backaction on the readout of the spatial
correlators can be studied. We can also study schemes
that involve multiple detectors, each of which is coupled
to the simulator via a distinct operator.
In addition, our calculation is based on the imaginary-
time Matsubara correlators. While the correlators mea-
sured in experiments are the retarded correlators defined
in real time [1, 46]. The retarded correlators can be ob-
tained from the Matsubara correlators via analytic con-
tinuation. Various techniques have been developed to
convert the Matsubara correlators to the retarded corre-
lators numerically [2, 3].
Conclusions.—To summarize, we studied the question
of whether the readout of a detector can faithfully reflect
the unperturbed many-body correlations in a quantum
simulator using the Matsubara diagrammatic technique.
Our result shows that when the coupling operators obey
the Wick’s theorem, the readout of the detector carries
the imprint of the unperturbed correlator of the simula-
5tor and can be used to accurately characterize the cor-
relations in the simulator. In contrast, when the Wick’s
theorem is violated, the measured simulator correlator
is modified by the detector’s backaction. Our work can
shed light on the design of reliable measurement of quan-
tum simulators and can lead to future endeavors in the
proper characterization of quantum simulators.
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I. CORRELATORS IN TIME AND FREQUENCY DOMAINS
The time-domain Matsubara correlator of the coupling operator OˆS(Ri) is defined as
CS(Ri, Rj ; τ, τ
′) = −
〈
Tˆτ
[
OˆS(Ri, τ)OˆS(Rj , τ
′)
]〉
, (S1)
where OˆS(Ri, τ) = e
HT τ OˆS(Ri)e
−HT τ is the operator at imaginary time τ with −β < τ ≤ β, τ ′ is an imaginary
time, and Tˆτ is the time ordering operator. We let ~ = 1 for simplicity of discussion. With translational symmetry,
this correlator can be simplified as CS(Ri, τ) by setting Rj = 0 and τ
′ = 0. The momentum-domain counterpart
of the correlator CS(Ri, τ) can be obtained by Fourier transformation and can be denoted as CS(p, τ). Note that
when the operator OˆS(Ri) is bosonic, CS(p, τ) = CS(p, τ + β) for τ < 0; when the operator OˆS(Ri) is fermionic,
CS(p, τ) = −CS(p, τ + β) for τ < 0 [S1]. These relations are also valid for the spatial-domain correlator CS(Ri, τ).
The frequency-domain counterpart of the time-domain correlator CS(p, τ) has the form:
CS(p, iωn) =
ˆ β
0
dτeiωnτCS(p, τ), (S2)
where p is the quasimomentum and ωn = 2πn/β [ωn = π(2n− 1)/β] for bosonic (fermionic) operator OˆS(Ri) with n
being an integer. The inverse transformation of (S2) can be written as
CS(p, τ) =
1
β
∞∑
n=−∞
e−iωnτCS(p, iωn). (S3)
The correlator measured in experiments is the retarded correlator defined as
CretS (Ri, Rj ; t, t
′) = −iθ(t− t′)
〈[
OˆS(Ri, t)OˆS(Rj , t
′)− OˆS(Rj , t
′)OˆS(Ri, t)
]〉
, (S4)
where θ is the Heaviside function, OˆS(Ri, t) = e
iHT tOˆS(Ri)e
−iHT t, and t, t′ are real times. Here we have assumed
that the coupling operator OˆS(Ri, t) is bosonic. For ferminonic operators, the retarded correlator is defined as
CretS (Ri, Rj ; t, t
′) = −iθ(t− t′)〈[OˆS(Ri, t)OˆS(Rj , t
′)+ OˆS(Rj , t
′)OˆS(Ri, t)]〉. The retarded correlator in the momentum
and frequency domains can be denoted as CretS (p, ω).
The retarded correlator can be obtained from the Matsubara correlator via analytic continuation:
CretS (p, ω) = CS(p, iωn → ω + iδ) (S5)
with δ being an infinitesimally small positive number [S1]. Because this relation is exact, the Matsubara correlators
obtained in the main text can be directly converted to corresponding retarded correlators. Our result in the main
text can hence be directly verified in experiments. Note that the conversion of a numerical Matsubara correlator
to a retarded correlator via analytic continuation is nontrivial. Various techniques for such conversion have been
developed [S2, S3].
Note that the imaginary-time and real-time correlators of the coupling operator of the detector and their frequency
counterparts can be defined similarly and will be discussed in the next section.
7II. DIAGRAMMATIC EXPANSION OF CORRELATORS
The correlator of the detector is defined as
DR(τ, τ
′) = −
〈
Tˆτ
[
ΓˆR(τ)ΓˆR(τ
′)
]〉
(S6)
with ΓˆR(τ) = e
HT τ ΓˆRe
−HT τ , where HT = HS +HR +HC is the total Hamiltonian of this system, HS (HR) is the
Hamiltonian for the simulator (detector), and HC is the simulator-detector coupling. For a system with translational
symmetry, the correlator can be simplified as DR(τ). Written explicitly, we have
DR(τ) = −Tr
[
e−βHT Tˆτ
[
ΓˆR(τ)ΓˆR(0)
]]
/Z (S7)
with Z = Tr[e−βHT ]. Define the evolution operator U(β, 0) = eβH0e−βHT in the interaction picture of the unperturbed
Hamiltonian H0 = HS +HR. It can be shown that for τ > 0
DR(τ) = −Tr
[
e−βH0U(β, 0)U−1(τ, 0)ΓˆRI(τ)U(τ, 0)ΓˆRI (0)
]
/Tr
[
e−βH0U(β, 0)
]
= −Tr
[
e−βH0U(β, τ)ΓˆRI (τ)U(τ, 0)ΓˆRI(0)
]
/Tr
[
e−βH0U(β, 0)
]
= −
〈
Tˆτ
[
U(β, 0)ΓˆRI(τ)ΓˆRI (0)
]〉
0
/ 〈U(β, 0)〉0 , (S8)
where ΓˆRI(τ) = e
H0τ ΓˆRe
−H0τ is the coupling operator ΓˆR in the interaction picture. The operator averages in
the third row of the above equation are taken over the thermal equilibrium of the Hamiltonian H0 with 〈· · · 〉0 =
Tr[e−βH0 · · · ]/Tr[e−βH0 ]. In deriving (S8), we have used the relations e−βHT = e−βH0U(β, 0), eβHT = U−1(β, 0)eβH0 ,
and U(β, 0)U−1(τ, 0) = U(β, τ).
Let HCI(τ) = e
H0τHCe
−H0τ be the simulator-detector coupling in the interaction picture. It can be shown that
dU(τ, 0)/dτ = −HCI(τ)U(τ, 0), (S9)
which leads to
U(τ, 0) = Tˆτ [e
−
´
τ
0
dτ ′HCI (τ
′)]. (S10)
Treating HCI as a perturbation, we can expand the operator U(β, 0) as
U(β, 0) = 1−
ˆ β
0
dτHCI(τ) +
1
2
ˆ β
0
dτ
ˆ β
0
dτ ′Tˆτ [HCI(τ)HCI(τ
′)] + · · · . (S11)
Substituting (S11) into (S8), we obtain the Taylor expansion of the detector correlator DR in terms of the simulator-
detector coupling [S1]. Similar derivation can be applied to the correlator of the simulator.
III. CAVITY DETECTOR
For a bare cavity mode (without the bath modes and the simulator), the time-domain correlator (S7) of the coupling
operator ΓˆR = (aˆ+ aˆ
†) can be derived as
DR0(τ) = −θ(τ)
[
e−ωdτ (nth + 1) + e
ωdτnth
]
− θ(−τ)
[
e−ωdτnth + e
ωdτ (nth + 1)
]
, (S12)
where nth = (e
βωd−1)−1 is the thermal occupation number of the cavity mode at β = 1/kBT (temperature T ). Using
the transformation DR0(iωn) =
´ β
0
dτeiωnτDR0(τ), we find the frequency-domain correlator:
DR0(iωn) = 2ωd/
[
(iωn)
2 − ω2d
]
, (S13)
with ωn = 2πn/β and n being an integer. As discussed in the main paper, the interaction between the cavity and its
bath modes modifies the correlator of the cavity. We denote the correlator of the cavity mode affected by the bath
modes as DRB . The diagrammatic equation generated by (S8) shows that
DRB = DR0 +DR0
(∑
i
|ci|
2Di0
)
DR0 +DR0
(∑
i
|ci|
2Di0
)
DR0
(∑
i
|ci|
2Di0
)
DR0 + · · ·
= DR0 +DR0
(∑
i
|ci|
2Di0
)
DRB . (S14)
8All correlators in the above equation have the variable iωn, which is omitted for brevity of discussion. Substituting
the expressions of DR0 and Di0 into (S14), we have
DRB =
DR0
1−DR0 (
∑
i |ci|
2Di0)
=
2ωd
(iωn)2 − ω2d − 2ωd
(∑
i
2ωi|ci|2
(iωn)2−ω2i
) . (S15)
With the substitution iωn → ω + iδ in the bath correlators, we have∑
i
2ωi|ci|
2
ω2 − ω2i + iδ
=
∑
i
P
(
2ωi|ci|
2
ω2 − ω2i
)
− iπ
∑
i
|ci|
2δ (ω − ωi) . (S16)
The first term on the right hand side of the above equation is a summation of Cauchy principle values, and we denote
this term as δωd. This term generates a small shift of the cavity resonance to become ω˜d = (ω
2
d + 2ωdδωd)
1/2 with
δωd ≪ ωd. Using the definition of the noise spectrum J(ω) = π
∑
i |c
2
i |δ(ω − ωi) [S4] and the assumption J(ω) = κ,
we derive that ∑
i
2ωi|ci|
2
ω2 − ω2i + iδ
= δωd − iκ. (S17)
Finally, the detector correlator becomes
DRB =
2ωd
(iωn)2 − ω˜2d + i2ωdκ
, (S18)
which corresponds to a cavity mode with frequency ω˜d ≈ ωd and bandwidth ∼ κ.
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